The paper argues that mathematical modeling is the essence of computational thinking. Learning a computer language is a valuable assistance in learning logical thinking but of less assistance when learning problem-solving skills. The paper is third in a series and presents some examples of mathematical modeling using spreadsheets at an advanced level such as high school or early college.
INTRODUCTION
he assertion that mathematical modeling is an essential part of computational thinking was the central theme of two previously published papers, Sanford (2013) ; and Sanford and Naidu (2016) . Most problem-solving scenarios involve scientific methodology or mathematical models. Computational thinking involves the use of modern digital methods in pursuit of problem solutions. The model is just an integral part of the process. There is consensus among educators that computational thinking should begin early in the child's formal education.
Much emphasis seems to be on teaching some form of computer programming. Two suggested curricula are referenced here as examples: Joanna Goode J., Chapmen G. (2011) and Code.org Computer Science Principals (2016) . The reader has only to Google the topic for a plethora of similar works.
What is Computer Science?
Harvard University now presents CS50, a course in computer science for non-scientists (Harvard 2016) . At present, it is probably the best summary of topics and skills that comprise computer science. The course is very popular and offered online as well as in the classroom. According to the syllabus, the topics covered are as follows.
• • Stacks. Queues. Trees. HTTP.
• HTML. CSS. PHP. SQL.
• JavaScript. Ajax.
• Life after 50.
CS50 certainly presents the computer science viewpoint. The course is very popular at the college level. But computer language is a facilitator and not by itself a problem-solving method. Computational thinking involves the The population of computer programming languages expands annually. The computer language introduced to a twelve-year-old will likely not be popular by the time she finishes college. However, essential features associated with the systems approach to problem-solving will probably remain current, including the concept of mathematical or logical modeling. Examples of significant mathematical models in use today are weather forecasting models, the "Standard Model" of theoretical physics; financial models used in banking and finance, etc.
As a practical matter, many simple business models employ spreadsheets. They offer visibility and are easy to use. Previous work by the current authors presented arguments for the use of spreadsheets as an educational tool. The spreadsheet presents a very visual depiction of the model, and also provides an easy path for expansion and alteration.
An Example Suitable for High School or Early College
A methodology for model development is presented here to demonstrate the applicability of spreadsheets. Familiarity with spreadsheet programming in high school and college is assumed.
Suppose a manufacturing company plans to introduce a new product. There are various factors involved in this process, and a list of significant factors appears below.
• Estimated sales volume over at least the early life of the product • Materials involved and their cost • Manufacturing methods and costs • Distribution channels and costs • Taxes and maintenance cost Specifying numerical values for these factors involves considerable analyses. The usual approach involves tradeoffs among various candidate approaches. If the new product is only a subset of the total number of corporate products, it is a marginal change and overhead costs drop out of the analysis. The model can include marginal taxes based on the tax bracket of the corporation. A simplified model excludes maintenance on the assumption that new equipment will not require maintenance for a short project. Maintenance may be included if there is any way to estimate it.
The following sub-problem demonstrates a use of mathematical modeling to assist management in selection between two methods of manufacturing the new product. The model assumes that production engineers have established the basic production process. The model also assumes that two possible production methods are worth considering. One method will require a large initial expense for new machinery that will result in a low labor cost. The other method will require less expensive equipment but will have a higher labor cost.
The model further assumes that marketing people have provided an estimate of sales volume for at least the early segment of product life as shown in This simple model considers two manufacturing processes A and B. Process A involves a large initial cost for customized machinery but results in lower labor cost. Process B uses less expensive machinery with a small initial cost but higher labor cost per unit.
The mathematical model consists of two equations.
(1) Unit profit = Unit price -Unit labor cost -Unit material cost (2) Monthly profit = Unit profit * Sales volume for the month (where * indicates multiplication). Figure 1 shows the state vector (i.e. a list of parameters) for the problem. Unit profit is a calculated quantity using Unit Sales price, Unit material cost, and Unit and labor cost. Associated figures are Figure 2 showing projected sales and Figure 3 showing the cumulative profit for manufacturing methods A and B. It is important to note that Figure 1 shows sales for only two months. The entire spreadsheet would be quite wide because it contains a separate column for each of the 24 months. Figure 1 displays only the top left of the entire model spreadsheet.
All formulas refer to the parameter values located in the area shown in Figure 1 , or refer to values in the labeled rows such as the row labeled "unit sales by month." Changing the value of any parameter will produce new calculations and a new set of model results. Figure 3 reveals that process B has a "break-even point" much sooner than process A. However, based on marketing sales projection, Process A yields far more profit over time. Students can see this easily from the graph. Students should consider the significance of a "break-even point." Is that point important or is total profit important? How much confidence would they have in the marketing projection? Perhaps the marketing people are overly optimistic. Should they consider different marketing projections? Discussing such questions and making these changes on the Excel spreadsheet would significantly improve the classroom experience.
After implementing the model, the analyst can easily examine results under different sales volume assumptions. The analyst simply inserts new sales estimates in place of the existing ones to obtain a new solution. For example, the sales estimate shown in Table 2 will produce the new results shown in Figure 5 . Figure 4 presents the sales estimate in graphical form. Note that Figure 4 is quite different from Figure 2 . The analyst can change other parameters to produce other new results as part of the decision-making process. Spreadsheets have add-in procedures that allow the application of random variables to describe parameters such as unit labor cost or unit price. The add-in procedure runs the model numerous times and presents a statistical plot of results.
The agile approach to systems development involves, among other things, alteration to first design as a result of output evaluation. The model approach is a valid vehicle for agile design because it is easy to create additions and alterations to the model.
Present Value Analysis
Suppose students are asked to consider the time value of money. If a person deposits P dollars in a bank with an interest rate of i, what will the total value be in 1 year? For example, $10,000 with a 2% annual interest rate will yield $10,000 * 1.02 = $10,200 in one year and $10,000 * 1.02 * 1.02 = $10,404 in two years. This is 10,000 * 1.02 2 =10,404. In reverse, 10,404/1.02 2 = the original 10,000. The present value equals the future value divided by (1+i) n . The present value concept can be easily used in an introductory Finance class. The value of this exercise lies in its demonstration of the versatility of mathematical models along with the graphical features of a spreadsheet.
An Example from Natural Sciences
The natural sciences offer varied and even exciting opportunities for computational thinking in the typical high school setting. The simple example of a ball thrown straight up into the air uses the Newton's mathematical model for motion, Velocity = acceleration * time. This model deals with the acceleration of gravity and initial velocity. The letter g represents the acceleration of gravity which is approximately 32.174 feet per second per second at or near the surface of the earth. The total velocity, V t , of the object thrown upward is the sum of the initial velocity V 1 plus the velocity imparted by gravity which is the acceleration of gravity times t. At the apex, the velocity is zero. Hence, at the apex, V 1 + g*t = 0. If the model assumes the direction of V t to be positive (upward direction), then the direction of g*t is negative (downwards). (4) V g = -g*t (Velocity resulting from g alone) (5) Total = V = V 1 + V g (V g has negative value) (6) Distance = D = V 1 * t -0.5 * g * t 2 (7) At the apex V 1 =g*t (8) T T = 2 * V 1 /g Equation 8 is true because the return trip made by the ball is identical to the trip going up, except for direction. The apex occurs at half the total time.
The maximum vertical distance is the same as the distance through which the ball would free-fall in time t= ½ T T . This maximum vertical distance is ½ * g * t 2 . Calculus is required to derive the maximum vertical distance. However, the formula is typically found even in high school general science books.
It would be good to have a chart of the ball's flight, distance versus time (Figure 9 ). And it would be good to have the model independent of the value of V 1 . If the step size is equal to T T /40, there will be 41 positions on the chart. It doesn't have to be forty, and any number will do. There are forty-one instead of forty positions because the first
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The Clute Institute position (first row) is an initial condition and at the start of a time unit. All the other numbers relate to the end of a time unit. 
